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Abstract 

Pseudo-2D foams are commonly used in foam studies as it is experimentally easier to measure the 

bubble size distribution and other geometric and topological properties of these foams than it is for a 3D 

foam. Despite the widespread use of 2D foams in both simulation and experimental studies, many 

important geometric and topological relationships are still not well understood. Film size, for example, is 

a key parameter in the stability of bubbles and the overall structure of foams. The relationship between 

the size distribution of the films in a foam and that of the bubbles themselves is thus a key relationship 

in the modelling and simulation of unstable foams. This work uses structural simulation from Surface 

Evolver to statistically analyse this relationship and to ultimately formulate a relationship for the film 

size in 2D foams that is shown to be valid across a wide range of different bubble poly-dispersities. 
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These results and other topological features are then validated using digital image analysis of 

experimental pseudo-2D foams produced in a vertical Hele-Shaw cell, which contains a monolayer of 

bubbles between two plates. From both the experimental and computational results it is shown that 

there is a distribution of sizes that a film can adopt and that this distribution is very strongly dependent 

on the sizes of the two bubbles to which the film is attached, especially the smaller one, but that it is 

virtually independent of the underlying poly-dispersity of the foam. 
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1. INTRODUCTION 

Structure and stability influence the behavior of foams in many applications and products. For example, 

in froth flotation, these properties play important roles in the separation of valuable mineral species, 

while in many solid foam products, such as metal and polyurethane foams, the evolution of the bubble 

size distribution in the liquid precursor influences the ultimate physical properties of the material. Sub-

processes such as bubble coalescence are, however, not yet completely understood. Previously Tong et 

al. (2011)1 developed a numerical model for the drainage and stability of dry 2D foams with the aim of 

predicting changes in the bubble size distribution due to coalescence in froth flotation. The numerical 

model was based on the two-way coupling of a population balance model for the bubble size with a 

model of liquid drainage. One aspect of the model requiring improvement was the bubble topology and 

geometry. In this previous work all bubbles were assumed to be hexagonal prisms when calculating the 

size of the films between the bubbles, the length of the Plateau borders and the number of neighboring 

bubbles; all of which are important parameters when modelling liquid drainage and coalescence in 

foams. The shape assumption is relaxed in this work to take into account the actual topological and 

geometric properties of bubbles within pseudo-2D foams. In particular the distribution of the number of 

films surrounding the bubbles and the size distribution of these films is investigated.  
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There has been extensive research carried out with respect to the topological and geometrical 

structure of 3D foams. Using computational methods, a variety of geometrical and topological features 

of 3D foams were formulated by Kraynik’s pioneering work 2-5 , including the number of sides per face, 

number of faces per bubble, bubble surface area and the length of the Plateau borders. The work by 

Tong and Neethling (2010) 6 mathematically formulated the dependence of film size on the size of the 

bubble to which the film is attached for 3D bubbles. It was recently7 found that biological tissues, foams, 

compressed emulsions and granular matter all show topological characteristics that can be categorized 

by the dominant source of disorder through a mean-field approach, and correspondingly the number of 

sides per bubble can be mathematically formulated as a function of bubble size.  

Optical tomography with a numerical reconstruction procedure8 has been used to characterize the 

topology of real foam, including the average number of faces per bubble and edges per face, which 

confirmed the original experimental work of Matzke (1946)9. While digital image analysis is commonly 

used as the mode of measurement of foam topology, it has limited application in 3D foams due to the 

inherent ability of films to scatter light. Digital imaging can capture bubbles either at the free surface of 

the foam or along the transparent walls of a container, but it is difficult to measure bubbles directly 

inside the foam. These “wall” bubbles are not a direct representation of the internal structure of the 

foam due to the strong influence of wall effects on the bubble topology10.  

On the other hand, the structure of pseudo-2D foams can be measured directly.  For the example of a 

Hele-Shaw cell, the bubbles moving along the wall are constrained in shape with respect to an axis 

normal to the wall, and hence they can be assumed to be of 2D geometry. This is a reasonable 

simplification, particularly in the dry foam regime (liquid fraction less than 5%) in which the Plateau 

borders account for most of the volume of liquid in the foam and the vertices and films account for 

relatively little of the liquid volume. The structure of a pseudo-2D foam can be readily imaged because it 

is composed of a monolayer of bubbles and the influence of the “wall” effects on the bubble topology is 
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relatively small compared with the case of a 3D foam. Pseudo-2D foams thus offers opportunities for 

foam research, particularly for the purpose of validating computational models. They have been used 

extensively to study the geometry and topology of foams computationally11,12 and theoretically13,14. 

While related experimental research has been conducted in order to study bubble coarsening 15,16,17 , the 

permeability of films 18, the flow and stability of bubbles 19 as well as the liquid content and electrical 

conductivity 20-22, the combination 1,23 of experiment and computational simulation has turned out to be 

a powerful method for investigating the key features of pseudo-2D foams. However, none of the 

previous research in 2D has taken into account the size distribution of the films between the bubbles of 

poly-dispersed foams, which is a crucial structural parameter in the computational modelling of bubble 

coalescence. In this paper, a combined computational and experimental approach is presented in which 

a relationship between the bubble size and film size distribution for dry 2D foams is developed and 

validated.  

 

2. SIMULATION AND EXPERIMENTAL METHODOLOGY 

The overall strategy of this work is to use the simulation of the structure of 2D foams to predict key 

topological and structural parameters of interest and to use corresponding experimental measurements 

for validation.  

 

2.1 Computer simulation method 

 

By assuming that the 2D foam is in the dry limit (liquid fraction less than 5%), each thin liquid film 

degenerates to a 1D edge constrained by Plateau’s laws. The bubbles can then be represented as 

trivalent polygons with edges that form segments of circular arcs. The initial structure of the foam is 

produced by applying a Voronoi tessellation onto a 2D square domain, which is periodic in both 
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directions. Using a periodic domain eliminates edge effects that would otherwise be present in the 

simulations. In order to produce a foam structure with a given level of poly-dispersity, the size of every 

bubble in the foam (area in 2D) is gradually adjusted according to a skewed normal distribution. The 

obtained foam, with an assigned target poly-dispersity, is then relaxed and annealed using Surface 

Evolver2-6. 

     One thousand 2D bubbles were used in each simulation. The poly-dispersity of the bubbles is 

represented by the normalized standard deviation (NSD) of the equivalent circular radius of the bubbles. 

Eight different levels of poly-dispersity were studied in this work, ranging from mono-dispersed (i.e. NSD 

of 0) to a NSD of 0.7. In the simulations with the highest poly-dispersity, the largest bubbles were more 

than 100 times the area of the smallest ones. As the seed points for the Voronoi tessellation are 

random, at each level of poly-dispersity, 10 different simulations were carried out in order to increase 

the amount of data available for analysis. Figures 1(a–c) show the structure of three 2D foams with 

different levels of poly-dispersity (NSD = 0.1, 0.4 and 0.7). 

 

Figure 1. 2D foam structures of different poly-dispersities (a) NSD = 0.1; (b) NSD = 0.4; (c) NSD = 0.7, as 

generated by the structural computation. 

2.2 Experimental method 
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A Hele-Shaw style foam column1,24  was employed to create a vertical pseudo-2D foam trapped 

between a pair of parallel Perspex plates with a separation of 5 mm. Conventionally horizontal Hele-

Shaw foam columns are used when trying to produce pseudo-2D foams (e.g. Osei-Bonsu et al. 25). 

However, vertical Hele-Shaw cells have been used to produce pseudo-2D foams26 when the drainage of 

liquid together with its coupling to coalescence was under investigation.  

A schematic of the design of the foam column is shown in Fig.2. Narrow capillary tubes of diameter 

1.5 mm were arranged in parallel to provide an even distribution of air between two internal weirs, and 

the air was supplied from an air compressor at a rate of 5.5 litres per minute. The column contained two 

internal weirs so that the foam overflowed continuously in two places. After overflowing, the foam 

collapsed and the liquid was collected at the lower corners of the column, where it was recycled for 

foam production by a small gap at the base of the weirs. The aqueous foaming solution was made from 

300 ml deionised water with 1 g/L methyl isobutyl carbinol and 0.1 g/L xanthan gum. The solution was 

chosen to produce a foam that exhibited a reasonable amount of coalescence and bursting at the 

chosen air rate without being too unstable to overflow. At the base of the column, bubbles rose through 

a high liquid content boundary layer to form a foam where the cross-section of the bubbles was roughly 

circular with an average area of approximately 15 mm2. Above the high liquid content boundary layer, 

the bubbles became increasingly polygonal in shape due to liquid drainage causing the shrinking of the 

Plateau borders. At the same time, the bubbles experienced coalescence, with bubble areas increasing 

to about 250 mm2 at the top of the column. With these bubble sizes and the given separation between 

the plates, the bubbles formed geometric prisms with close to constant polygonal cross-sections 27. 

Examples of bubbles from the foam are shown in Fig. 3, where the numbers of sides found ranged from 

3 to 18. The column was positioned 200 mm in front of a light source which was composed of four bright 

white fluorescent strip lights and a diffuser screen. The column was operated for 25 minutes in order to 

achieve steady state overflowing height and velocity14 before images were captured for analysis. 
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Figure 2. A schematic of the foam column with measurements in millimetres. The grid shows where the images 

of the bubbles were taken.  
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Fig. 3. 2D foam images showing bubbles with increasing number of sides. The star shapes indicate the 

bubble with the indicated number of sides, n. 

 

The area of the foam column was split into a grid of 3 (horizontal) and 6 (vertical) focus elements (Fig. 

2). High resolution photographs (4272 × 2848 pixels) of each element were captured from a distance of 

approximately 500 mm with a Canon EOS 450D D-SLR camera mounted on a tripod (Fig. 4). Each image 

had the focus element centered in the field of view to minimise parallax effects that would increase the 

apparent width of Plateau borders near the edges of each photograph. Three sets of photographs were 

taken for each focus element to enable repeat measurements.  
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Figure 4. High resolution images of the focus elements of foam arranged according to the grid structure of the 

column. 
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The images of the foam taken in front of the light source showed sharp differences in intensity 

between the gas in the bubble and the liquid of the Plateau borders and films. A range of pre-processing 

steps were performed in Image J28 to enhance these differences and to create the image “mask”. A 

watershed algorithm was then applied to the mask to identify each unique bubble using the Matlab 

Image Processing toolbox. The number of neighbors per bubbles was found by passing a (6 × 6) kernel 

over the watershed image and counting bubbles occurring adjacently. Bubbles were ignored in an edge 

zone around all four sides of each image, the width of which was larger than the equivalent circular 

radius of the largest measured bubble. This avoided the measurement of bubbles that were not wholly 

within the field of view or which were exhibiting significant parallax effects. For those image edges that 

were near the edge of the domain it also eliminated bubbles experiencing significant distortion due to 

edge wall effects or distortion due to the proximity of the foam surface. The nodes where 3 bubbles 

meet were identified by passing a 3 × 3 kernel over the images in order to identify points neighbored by 

more than 2 different bubbles. The films of each bubble of interest were measured by fitting a path 

along the edge between pairs of nodes that shared two bubbles in common; including a straight path for 

small bubbles and a curved path for larger bubbles in order to save computational time. Additional 

checks were performed for the particular case of large bubbles surrounded by small bubbles as 

problematic situations such as multiple contacts between pairs of bubbles could potentially arise. 

Bubbles undergoing coalescence or a topological rearrangement at the moment of image capture were 

discounted from the measurement as they caused blurred and uncertain edge locations. 

An example of the final output of the image processing method is illustrated in Fig. 5. The largest 

contribution to the uncertainty in the measurements of bubble size and film length arose from the 

watershed part of the process, which needs to assign a contact line between bubbles which are 

separated by Plateau borders of finite width. This had the greatest effect at the base of the foam where 

the liquid fraction tended to be higher.  
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Figure 5. Output of the image processing method showing nodes, bubble center and film center overlaid on a 

grayscale image of the foam photograph. 

 

While the distance between the wall panels of the Hele-Shaw cell can affect some features of the 

pseudo-2D foam (e.g. the drainage dynamics of the liquid), it does not affect the key topological 

features (e.g. size distribution of films) of the pseudo-2D dry foam that we present in this paper as long 

as the gap is small enough (which is the case in this work).  
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For each set of photographs that were taken in the experiment, the poly-dispersity of the bubbles 

(represented by the NSD) in each of the 3 (horizontal) and 6 (vertical) grid elements (Fig. 2) is calculated.  

As shown in Table 1, in each of the 3 (horizontal) and 6 (vertical) grid elements, the respective values of 

the poly-dispersity of the bubbles for the three different sets of photographs is averaged and the 

uncertainty is specified. The photographs shown in Fig.4 only represent one set of photographs.  

1.05±0.62 1.14±0.87 0.83±0.33 

0.91±0.31 0.39±0.25 0.92±0.23 

0.78±0.18 0.28±0.11 0.66±0.11 

0.54±0.13 0.22±0.09 0.49±0.06 

0.23±0.09 0.22±0.08 0.26±0.12 

0.17±0.05 0.16±0.03 0.16±0.02 
 

Table 1. Mean bubble poly-dispersity of the three different sets of foams measured in the 3 (horizontal) by 6 

(vertical) grid elements of the foam column as shown in Figure 2. 

 

In this paper, the uncertainty intervals given correspond to the expanded uncertainty of the data 

providing a level of confidence of 99%. 

 

3. RESULTS AND DISCUSSION 

3.1 Data validation 

Figure 6 shows the distribution of the number of sides per 2D bubble in a simulation with NSD=0.7, 

which corresponds to a highly poly-dispersed foam. From the experimental results, the average number 

of sides of bubble is 5.966 ± 0.051 as measured with image analysis.  According to Euler’s law, in an 

infinite (or periodic) foam this average must be 6 and thus the slight discrepancies from this value in the 

experimental measurements are due to the finite size of the imaged areas. 
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Figure 6. Distribution of number of sides per 2D bubble in the simulation case at NSD=0.7 

The Aboav–Weaire law29,30 mathematically formulates that bubbles with fewer sides tend to be 

surrounded by bubbles with larger numbers of sides, following: 

n

a
aMn 26

6


 ,                                                                                                            (1) 

where Mn is the average number of sides of neighboring bubbles surrounding a bubble with sides n, 2  

is the second moment of the number of sides of the bubbles, and a  is a coefficient. In Fig.7, the 

scattered symbols represent the raw simulation and experimental data of the average number of sides 

of neighboring bubbles, and the continuous curves show fits corresponding to Eq.1. The fitted curves 

have coefficient values from Eq. 1 of 018.0190.1 a  (based on the NSD=0.7 case) and 

071.0171.1 a  for the fitting with experimental data.  
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Figure 7. Average number of sides per neighboring bubble as either predicted by the computer simulation or 

measured in experiment, and fits according to the Aboav-Weaire law. The simulation data is shifted horizontally 

by +0.1 sides per bubble. 

 

The fits derived from the Aboav-Weaire law are in close agreement with both the structural 

simulation and the experimental results.  

 

3.2 Film size related to bubble area ratio 

According to what was formulated previously1,31, the film size in either the 2D or 3D case has a strong 

influence on the film drainage rate and hence the likelihood of coalescence of bubbles and thus also the 

overall foam stability. Therefore a rigorous mathematical formulation for the film size as a function of 
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bubble size is necessary in order to extend the model of Tong et al. (2011)1 and model the stability of 

bubbles and foam with population balance methods. The film size is predicted as a function of bubble 

size because the bubble size is the main independent parameter within the population balance 

modelling.  

In the work of Tong and Neethling (2010) 6, the film size was found to be most strongly dependent on 

the size of the smaller bubble, rather than the bigger bubble to which it is attached, with a roughly linear 

dependency. There was also a secondary dependency on the ratio of the size of the bigger bubble to 

that of the smaller bubble, with this dependency being virtually independent of either the specific sizes 

of the bubbles involved or the underlying bubble size distribution. 

 In this paper a similar technique is used, with the film length being normalized by the size (equivalent 

circular diameter) of the smaller bubble to which it is attached. The equivalent circular diameter is 

defined as the diameter of a circle that has the same area as that of the bubble of interest. The 

dependency on the relative size of the bubbles to which the film is attached is assessed in terms of the 

bubble area ratio, which is defined as the ratio of the area of the bigger bubble to that of the smaller 

bubble. 

In a random foam for any given bubble area ratio, there will always be a distribution of possible 

normalised film sizes, and therefore the dependency on the bubble area ratio must be analysed in terms 

of shape of this distribution. In order to do this the films from all the simulations are divided into a 

number of different narrow intervals based on their bubble area ratios. 

Fig.8 shows the cumulative probability distribution of the normalized film size for a number of these 

narrow bubble area ratio intervals. Separate curves are shown for each of the levels of underlying poly-

dispersity. It is clear from this figure that while the shape and position of this distribution depends on 

the bubble area ratio, there is virtually no dependency on the level of the underlying poly-dispersity. It is 

worth noting that there was less data available for film sizes with a large bubble area ratio due to the 
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low frequency of larger bubbles occurring in the foam. For example, at the level of NSD=0.6 of the 

simulation results, there were only 355 films available to analyse for an area ratio interval of 8.0 to 10.0 

while there were 1329 films in the area ratio interval of 2.4 to 2.6 and 2422 films in the area ratio 

interval of 1.0 to 1.1.  

For simulations of coalescence where the level of poly-dispersity may vary both spatially and 

temporally, this result is very useful as it implies that the probability distribution for the film size 

involved in a coalescence event depends virtually only on the size of the two bubbles involved and not 

on the size distribution of the other bubbles in the vicinity.  

 

Figure 8. Cumulative probability distribution of the normalised film size for foams of different underlying poly-

dispersities, grouped into bins of bubble area ratio from computer simulation results. Solid curves represent the 

bubble area ratio of 1.0 to 1.1, dotted curves represent 2.4 to 2.6 and the dash dot curves represent 8.0 to 10.0. 
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The data from all the simulations at different levels of underlying poly-dispersities can be combined 

since the cumulative distribution of the film size is virtually independent of the underlying poly-

dispersity of the foam and is only significantly affected by the bubble area ratio. The combined data 

from the simulations of these specific bubble area ratios can then be compared to the equivalent 

experimental data (Fig.9a). The experimental and simulation data are in good agreement with one 

another. The biggest discrepancy is at the largest bubble area ratio, but this is also the experimental 

data for which the sample size is the smallest. For example, with regard to the situation where the 

bubble area ratio is 8 to 10, the sample size of the experimental data includes 26 films, whereas for 

bubble area ratios of 2.4 to 2.6, the sample size of the experimental data is bigger with 151 films. In the 

experiments, the Plateau borders have a small but finite size and therefore there is a minimum size for 

the films before they undergo a topological (T1) transformation. Therefore in comparison to the 

experimental results, the simulation results tend to over predict the number of small films (e.g. 

normalized film size between 0.3 and 0.6). 

Both the experimental and simulation results show a systematic stretching of the distribution as the 

bubble area ratio changes, with the average normalised size of the film between two bubbles increasing 

as the ratio of the bubble sizes increases. 

The relationship between the normalized film size of a bubble and the bubble area ratio can be 

explained using a simple model similar to the one derived previously for the 3D case 6, but now applied 

in 2D and with a minor update: 
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where Lf  is the film length, Ds is the equivalent circular diameter of the smaller bubble that is attached to 

the film, Ab is the area of the bigger bubble and As the area of the smaller bubble that is attached to the 
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film. The constant value of K=1.1497±0.0043 can be determined by analysing the simulation results from 

the NSD=0 case, as in a mono-dispersed foam the relation bs AA  holds. The derivation of Eq.2 can be 

found in the Supporting Information for Publication. 

The mean size of films of mono-dispersed foam is 

2
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L

s

f
  ,                                                                                                                      (3) 

because Ab=As holds. The ratio, P, of Eq.3 to Eq.2 is: 
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The factor P gives the correlation between the mean size of films between bubbles of the same size and 

the mean size of films between bubbles of different size. It is also a general case for the distribution of 

film size at any poly-dispersity, derived from stretching the film size distribution of the mono-dispersed 

foam along the axis of the normalized film size according to the ratio of bubble size between 

neighboring bubbles as: 

Pll fMfP / ,                                                                                                                   (5) 

where fPl  is the size distribution of films of the poly-dispersed foam and fMl  is the size distribution of 

films of the mono-dispersed foam. 

In order to further prove this correlation, as shown in Fig.9b, the original curves of Fig.9a were 

stretched along the axis of the normalized film size using the factor of P: 

Pll fPstretchedfP *_  ,                                                                                                  (6) 
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where stretchedfPl _  is the stretched size distribution of the films of the poly-dispersed foam. In this figure, 

all the stretched curves (of simulation results and experimental results) almost overlap one another 

regardless of the different levels of bubble area ratio. They also all overlap with the distribution of film 

size of the mono-dispersed foam. This means the mathematical formulations suggested in Eqs.2-5 are 

valid within the large range of bubble area ratios that have been considered. This suggests that the 

distribution of the film size of a poly-dispersed foam can be predicted by stretching the distribution of 

the film size of the mono-dispersed foam using the factor given in Eq.4 and the specific value of the 

bubble area ratio.  

 

Figure 9. Cumulative probability distribution of the (a) original normalized film size and (b) stretched normalized 

films size according to Eq.6 for different values of bubble area ratio, based on simulation and experimental data. 

 

Moreover, if the normalized film size is averaged over each bin of bubble area ratio, the results from 

the structural simulation, the experiments, and the analytical solution (Eq.2) can all be directly 

compared as shown in Fig.10. This shows that the mean normalized average film size over each bin of 

bubble area ratio is similar across the three different methods. Particularly, the analytical correlation of 
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Eq.2 agrees very well with the related experimental results. Although the structural simulation results 

tend to underpredict the film size, the uncertainty intervals of the majority of the data points overlap to 

some extent throughout the entire range of bubble area ratio that was analysed. 

 

Figure 10. Normalized film size averaged over each bin of bubble area ratio for three different methods. 

 

4. CONCLUSION 

This work has shown that the film size distribution in dry 2D foams is independent of the poly-

dispersity of the foam; instead a strong function of the size of the two bubbles to which the film is 

attached, particularly that of the smaller bubble. This finding is highly relevant as it can inform the 

numerical modelling of unstable, coalescing foams and in turn advance our understanding of these 

systems.  
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A mathematical expression was formulated that describes the relationship between the normalized 

film size and the bubble area ratio. The resulting analytical correlation allows, for the first time, the 

prediction of film size distribution in poly-dispersed 2D foams by stretching the known distribution of 

film size in a mono-dispersed system. Excellent agreement was shown between structural simulations, 

experimental data and the analytical solution derived here for the distribution of the normalized film 

size. We expect these results to be instrumental in developing appropriate coalescence models for 

pseudo-2D foams. 

 Many features of 2D foams have been described in publications, including the number of bubble 

sides 11,15, the size of Plateau borders 14 , the liquid content 20,21 and the coarsening of bubbles 13,16. This 

work quantitatively formulates, for the first time, the size of films of poly-dispersed 2D dry foams.  The 

model developed here enables the prediction of film size using only the size of local bubbles. The 

underlying poly-dispersity or bubble size distribution of the foam is not needed as long as the foam is in 

the dry limit.  
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