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LOWER BOUNDS FOR RANKS OF

MUMFORD–TATE GROUPS

by Martin Orr

Abstract. — Let A be a complex abelian variety and G its Mumford–Tate group.
Supposing that the simple abelian subvarieties of A are pairwise non-isogenous, we
find a lower bound for the rank rk G of G, which is a little less than log

2
dim A. If we

suppose that End A is commutative, then we show that rk G ≥ log
2

dim A + 2, and
this latter bound is sharp. We also obtain the same results for the rank of the ℓ-adic
monodromy group of an abelian variety defined over a number field.

Résumé (Minoration des rangs de groupes de Mumford–Tate). — Soit A une variété
abélienne complexe et G son groupe de Mumford–Tate. En supposant que les sous
variétés abéliennes simples de A sont deux à deux non-isogènes, on trouve une mi-
noration du rang rk G de G, légèrement inférieure à log

2
dim A. Si on suppose que

End A est commutatif, alors on montre que rk G ≥ log
2

dim A + 2, et cette borne-ci
est optimale. On obtient les mêmes resultats pour le rang du groupe de monodromie
ℓ-adique d’une variété abélienne définie sur un corps de nombres.

1. Introduction

Let A be a complex abelian variety of dimension g, whose simple abelian
subvarieties are pairwise non-isogenous. In this paper we will establish a lower
bound for the rank of the Mumford–Tate group of A. The Mumford–Tate group
is an algebraic group over Q defined via the Hodge theory of A (see section 2
below for the definition). The same argument will also establish a lower bound
for the rank of the ℓ-adic monodromy groups Gℓ, in the case where A is defined
over a number field. The ℓ-adic monodromy group is the Zariski closure of the
image of the Galois representation on the ℓ-adic Tate module of A. Our main
theorems are the following:
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Theorem 1.1. — Let A be an abelian variety of dimension g such that End A
is commutative. Let G be the Mumford–Tate group or the ℓ-adic monodromy
group of A. Then rk G ≥ log2 g + 2.

Theorem 1.2. — Let A be an abelian variety of dimension g whose simple
abelian subvarieties are pairwise non-isogenous. Let G be the Mumford–Tate
group or the ℓ-adic monodromy group of A. If n = rk G, then

n + α(n)
√

n loge n ≥ log2 g + 2

for a function α : N≥2 → R satisfying α(n) < 2 for all n and α(n) → 1/ loge 2 =
1.44... as n → ∞.

Each of these theorems is an instance of a more general bound for weak
Mumford–Tate triples, which are defined in section 2. These more general
bounds are Theorems 4.1 and 4.4 respectively. These would apply also for
example to the analogue of the Mumford–Tate group for a Hodge–Tate module
of weights 0 and 1.

Theorem 1.1 was proved by Ribet in the case of an abelian variety with
complex multiplication [Rib80]. Our proof is a generalisation of his, relying on
the fact that the defining representation of the Mumford–Tate group or ℓ-adic
monodromy group has minuscule weights.

The condition on simple subvarieties in Theorem 1.2 is necessary: taking
products of copies of the same simple abelian variety increases the dimension
without changing the rank of the Mumford–Tate group. Indeed, if A is isoge-
nous to

∏

i Ami

i where the Ai are simple and pairwise non-isogenous, then
according to [HR10] Lemme 2.2,

MT(A) ∼= MT(
∏

i

Ai).

Hence Theorem 1.2 implies that for a general abelian variety A, if n denotes
the rank of either the Mumford–Tate group or the ℓ-adic monodromy group
of A, then

n + α(n)
√

n loge n ≥ log2

(

∑

i

dim Ai

)

+ 2

where the Ai are one representative of each isogeny class of simple abelian
subvarieties of A.

The condition of having pairwise non-isogenous simple abelian subvarieties
can be interpreted via the endomorphism algebra like the condition in Theo-
rem 1.1: it is equivalent to End A ⊗Z Q being a product of division algebras.
Note also that End A being commutative implies the condition of Theorem 1.2.
(Throughout this paper, End A means the endomorphisms of A after extension
of scalars to an algebraically closed field.)
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Let G be either the Mumford–Tate group or the ℓ-adic monodromy group
of A. It is well known that the rank of G is at most g + 1, and that this
upper bound is achieved for a generic abelian variety. Indeed, if g is odd and
End A = Z, then rk G is always g + 1 [Ser85]. So in this case the bound in
Theorem 1.1 is far from sharp.

On the other hand if g is a power of 2, then there are abelian varieties
for which the bound in Theorem 1.1 is achieved (even with End A = Z). We
construct such examples in section 5. The exact bound for a given g is very
sensitive to the prime factors of g. Equality can happen only when g is a power
of 2 (for the trivial reason that otherwise log2 g 6∈ Z) but even near-equality
can only occur when g has many small prime factors. This was made precise
by Dodson in the complex multiplication case [Dod87], and it is possible that
something similar could be proved in general.

Theorem 1.2 is not sharp. The function α(n) is specified exactly in section 4,
but it is likely that this could be improved on, perhaps to something which goes
to 0 as n → ∞. In section 5, we construct a family of examples showing that
Theorem 1.2 cannot be improved to n + k ≥ log2 g for any constant k.

We can deduce a lower bound for the growth of the degrees of the division
fields K(A[ℓn]) (for ℓ a fixed prime number) as a straightforward consequence
of Theorem 1.1.

Corollary 1.3. — Let A be an abelian variety of dimension g over a number
field K, and ℓ a prime number. If End A is commutative, then there is a
constant C(A, K, ℓ) such that

[K(A[ℓn]) : K] ≥ C(A, K, ℓ) ℓn(log
2

g+2).

Theorem 1.2 implies a similar bound for the degree of K(A[ℓn]) whenever
A is an abelian variety whose simple abelian subvarieties are pairwise non-
isogenous. One would like to extend these results to lower bounds on the
degrees of K(A[N ]) for any N , but this cannot be done without knowing how
C(A, K, ℓ) varies with ℓ. The primary obstacle here is the index of the image
of Gal(K̄/K) in Gℓ(Zℓ), which is conjectured to be bounded by a constant
C1(A, K) independent of ℓ.

In section 2 we recall the definitions of Mumford–Tate group, ℓ-adic mon-
odromy group and weak Mumford–Tate triple, an axiomatisation of the prop-
erties of the groups and representations we will consider. In section 3 we bound
the number of distinct characters of a maximal torus which can appear in such a
representation. In section 4 we bound the multiplicity of absolutely irreducible
components of this representation. This is straightforward for the Mumford–
Tate group but more difficult for the ℓ-adic monodromy group. Combining
these two bounds gives Theorems 1.1 and Theorem 1.2. Finally in section 5 we
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give some examples to show that Theorem 1.1 is sharp and to place a limit on
the possible improvements of Theorem 1.2.

Acknowledgements.— I am grateful to Emmanuel Ullmo who suggested to me
the problem treated in this paper, and for regular conversations during its
preparation. I would also like to thank Barinder Banwait for his comments on
an early version of the manuscript, and the referee for their careful attention
to detail.

2. Mumford–Tate triples: Definitions

We recall the definition of a weak Mumford–Tate triple, which abstracts
the key properties of a Mumford–Tate group which we will use. We recall
also the definitions of the two examples of Mumford–Tate triple we will con-
sider, namely the Mumford–Tate group and the ℓ-adic monodromy group of an
abelian variety.

The following definition is a slight modification of those used by Serre [Ser79]
and Wintenberger [Win86].

Definition. — Let F be a field of characteristic zero and E an algebraically
closed field containing F .

A weak Mumford–Tate triple is a triple (G, ρ, Ψ) where G is an algebraic
group over F , ρ is a rational representation of G and Ψ is a set of cocharacters
of G ×F E satisfying the following conditions:

(i) G is a connected reductive group;
(ii) ρ is faithful;
(iii) the images of all G(E)-conjugates of elements of Ψ generate GE .

The weights of a Mumford–Tate triple (G, ρ, Ψ) are the integers which appear
as weights of ρ ◦ ν (a representation of Gm) for some ν ∈ Ψ.

A weak Mumford–Tate triple (G, ρ, Ψ) is called pure if ρ(G) contains the
torus Gm.id of homotheties.

The Mumford–Tate group. — Let A be an abelian variety over C, of dimen-
sion g. The singular cohomology group H1(A(C),Q) is a vector space of di-
mension 2g over Q. Hodge theory gives a decomposition of C-vector spaces

H1(A(C),Q) ⊗Q C = H1,0(A) ⊕ H0,1(A)

with H1,0(A) and H0,1(A) being mapped onto each other by complex conju-
gation (so each has dimension g).

We define a cocharacter µ : Gm,C → GL2g,C by:

µ(z) acts as multiplication by z on H1,0(A)

and as the identity on H0,1(A).
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The Mumford–Tate group of A is defined to be the smallest algebraic subgroup
M of GL2g defined over Q and such that MC contains the image of µ.

The triple consisting of the Mumford–Tate group, its defining representation
ρ : M → GL2g, and the set of Aut(C/Q)-conjugates of the cocharacter µ form
a pure weak Mumford–Tate triple of weights {0, 1}. This is immediate from
the definitions.

The functor A 7→ H1(A(C),Z) is an equivalence of categories between
complex abelian varieties and polarisable Z-Hodge structures of type
{(−1, 0), (0, −1)}. Furthermore the endomorphism ring of ρ as a repre-
sentation of the Mumford–Tate group is equal to the endomorphism ring of
H1(A(C),Q) as a Q-Hodge structure, so

End ρ = End A ⊗Z Q.

The ℓ-adic algebraic monodromy group. — Now suppose that the abelian va-
riety A is defined over a number field K. Its first ℓ-adic cohomology group is
a Qℓ-vector space of dimension 2g, isomorphic to the dual of the ℓ-adic Tate
module:

H1(AK̄ ,Qℓ) ∼= (TℓA ⊗Zℓ
Qℓ)

∨
.

The Galois group Gal(K̄/K) acts on the torsion points of A(K̄), and this
induces an action on H1(AK̄ ,Qℓ), or in other words a continuous representation

ρℓ : Gal(K̄/K) → GL2g(Qℓ).

The ℓ-adic algebraic monodromy group of A is the smallest algebraic sub-
group Gℓ of GL2g,Qℓ

whose Qℓ-points contain the image of ρℓ. By working
with the ℓ-adic monodromy group instead of the image of ρℓ directly, we gain
the ability to use the structure theory of algebraic groups. On the other hand,
we do not lose very much because Im ρℓ is known [Bog81] to be an open (and
hence finite-index) subgroup of Gℓ(Qℓ) ∩ GL2g(Zℓ).

Pink [Pin98] has proved that the identity component G◦
ℓ together with

the representation ρℓ and a certain set Ψ of cocharacters form a pure weak
Mumford–Tate triple of weights {0, 1}.

By Faltings’ Theorem [Fal83],

End ρℓ = End A ⊗Z Qℓ.

3. Bound for the number of characters

Let (G, ρ, Ψ) be a pure weak Mumford–Tate triple of weights {0, 1}, and let
T be a maximal torus of G. In this section we will give an upper bound for the
number of distinct characters in ρ|T as a function of rk G.

If A has complex multiplication (in other words if G is a torus) then this
bound was obtained by Ribet [Rib80]. Our method of proving the bound
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is inspired by applying Ribet’s method to a maximal torus of G, but it is
convenient to arrange it differently.

Proposition 3.1. — Let (G, ρ, Ψ) be a pure weak Mumford–Tate triple of
weights {0, 1}. The number of distinct characters in ρ|T is at most 2rk G−1.

Proof. — Let Y = Hom(Gm,E , TE) ⊗Z Q be the quasi-cocharacter space of T ,
where E is an algebraically closed field of definition for (G, ρ, Ψ).

Let Ψ′ be the set of all cocharacters of TE which are G(E)-conjugate to an
element of Ψ. Every cocharacter of G has a G(E)-conjugate whose image is
contained in TE, so Ψ′ still satisfies condition (iii) in the definition of a weak
Mumford–Tate triple. Replacing Ψ by Ψ′ does not change the weights of our
Mumford–Tate triple.

Furthermore Ψ′ is closed under the action of the Weyl group of GE on Y .
So condition (iii) implies that Ψ′ spans Y as a Q-vector space.

Let Θ be a basis of Y contained in Ψ′. The character space of T is dual to
Y , so any character ω is determined by its inner products 〈ω, µ〉 for µ ∈ Θ.

Because our Mumford–Tate triple has weights {0, 1}, if µ is a character in
ρ|T then these inner products can only have the values 0 or 1. So there are at

most 2|Θ| distinct characters in ρ|T , and |Θ| = rk G.
We can use the fact that our Mumford–Tate triple is pure to improve the

exponent to rk G − 1. We know that ρ(G) contains the homotheties. Since ρ is
faithful, there is a unique cocharacter µ0 : Gm → G such that ρ ◦ µ0(z) = z.id.
We take Θ′ to be a subset of Ψ such that Θ′ ∪ {µ0} is a basis of Y . Now
〈ω, µ0〉 = 1 for all characters ω in ρ|T , so ω is determined by the values 〈ω, µ〉
for µ ∈ Θ′. We may repeat the previous argument with Θ replaced by Θ′.

Corollary 3.2. — Let (G, ρ, Ψ) be a pure weak Mumford–Tate triple of
weights {0, 1}. Let M be the maximum of the multiplicities of the irreducible
components of ρ (working over an algebraically closed base field). Then

dim ρ ≤ M · 2rk G−1.

Proof. — Serre [Ser79] showed that each irreducible component σ in a weak
Mumford–Tate triple of weights {0, 1} is minuscule, that is, the characters in
σ|T form a single orbit under the action of the Weyl group. Serre only treated
strong Mumford–Tate triples, i.e. weak Mumford–Tate triples satisfying the
additional condition that all the cocharacters in Ψ are contained in a single
Aut(E/F )-orbit. However this extra condition is not used in his argument (see
also [Pin98] Section 4 and [Zar84]).

The characters of T in a minuscule representation have multiplicity 1, and
non-isomorphic minuscule representations contain disjoint characters. So the
multiplicity of any character in ρ|T is equal to the multiplicity of the unique
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irreducible component which contains that character, and so

dim ρ ≤ M ·
(

the number of distinct characters in ρ|T

)

.

The corollary now follows from Proposition 3.1.

4. Bound for the multiplicities

Let (G, ρ, Ψ) be a pure weak Mumford–Tate triple of weights {0, 1}. In this
section we will bound the multiplicities of the absolutely irreducible components
of ρ ⊗F F̄ . If End ρ is commutative, then it is immediate that all absolutely
irreducible components of ρ ⊗F F̄ have multiplicity 1.

Most of the section concerns the case in which the irreducible components
of ρ are pairwise non-isomorphic. Because we use a result on division algebras
coming from class field theory, we must assume that the field of definition
of ρ is a local field or a number field. If n = rk G, then each absolutely
irreducible component has multiplicity at most α(n)

√

n loge n for a function
α(n) satisfying the conditions of Theorem 1.2.

To establish this bound, we introduce an invariant u(G) for a reductive
group G such that for any F -irreducible representation of G, the multiplicity
of its irreducible components over F̄ is at most u(G). Then we use Landau’s
function (the maximum LCM of a set of positive integers with given sum) to
obtain a bound for u(G).

The above bounds together with Corollary 3.2 suffice to prove Theorem 1.1
for both the Mumford–Tate group and ℓ-adic monodromy groups, and The-
orem 1.2 for the Mumford–Tate group. Proving Theorem 1.2 for the ℓ-adic
monodromy group requires additional work because even when an abelian va-
riety satisfies the condition of Theorem 1.2, its associated ℓ-adic representations
might not satisfy the corresponding condition of Theorem 4.4.

4.1. The commutative endomorphism case. —

Theorem 4.1. — Let (G, ρ, Ψ) be a pure weak Mumford–Tate triple of weights
{0, 1}. If End ρ is commutative, then rk G ≥ log2 dim ρ + 1.

Proof. — Let F be the field of definition of ρ. Since End ρ is commutative,
each irreducible component of ρ⊗F F̄ has multiplicity 1. So the theorem follows
immediately from Corollary 3.2.

Let A be an abelian variety, G its Mumford–Tate group or ℓ-adic monodromy
group, and ρ the associated representation. We have observed that End ρ =
End A⊗ZF where F = Q or Qℓ as appropriate, so that if End A is commutative
the same is true of End ρ. Hence Theorem 1.1 follows from Theorem 4.1. The
log2 dim ρ + 1 becomes log2 dim A + 2 because dim ρ = 2 dim A.
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4.2. Multiplicity of irreducible representations and u(G). —

Definition. — Let G be a reductive group defined over the field F . Let T be
a maximal torus of G and Λ = Hom(TF̄ ,Gm) the character group of T . Let Λ0

be the subgroup of Λ generated by the roots of G and characters which vanish
on T ∩ Gder. The roots of G span the quasi-character space of TF̄ ∩ Gder

F̄
as

a Q-vector space so Λ0 spans Λ ⊗Z Q. It follows that Λ/Λ0 is finite. (In fact
Λ/Λ0 is canonically isomorphic to the dual of the centre of Gder(F̄ ), which is
a finite abelian group.)

Hence we can define u(G) to be the exponent of Λ/Λ0.

Lemma 4.2. — Let G be a reductive group over a field F and ρ an F -
irreducible representation of G. Let D be the endomorphism ring of ρ and E
the centre of D. Then the order of [D] in Br E divides u(G).

Proof. — Fix a base ∆ for the root system of G with respect to T . When we
refer to the action of Gal(F̄ /F ) on the character group Λ below, this is the
natural action twisted by the Weyl group so that it preserves the set ∆ (this
is the same action used in [Tit71]).

Let σ be an absolutely irreducible component of ρ ⊗F F̄ , and λσ ∈ Λ the
highest weight of σ. Let Γ be the subgroup of Gal(F̄ /F ) fixing λ. Then E is
isomorphic to the subfield of F̄ fixed by Γ.

Tits defined a map

αG,E : ΛΓ → Br E

as follows: if λ ∈ ΛΓ is dominant then there is a unique isomorphism class of E-
irreducible representations of G with highest weight λ. The endomorphism ring
of such a representation is a division algebra with centre E. We define αG,E(λ)
to be the inverse of the class of this division algebra in Br E. Tits showed that
this map on dominant weights is additive so it extends to a homomorphism
ΛΓ → Br E. He also showed that αG,E is trivial on ΛΓ

0 ([Tit71] Corollary 3.5).
In our case we have [D]−1 = αG,E(λσ). Since [D] is in the image of αG,E, it

follows that the order of [D] in Br E divides the exponent of ΛΓ/ΛΓ
0 . But the

latter is a subgroup of Λ/Λ0, so its exponent divides u(G).

Corollary 4.3. — Let G be a reductive group defined over a number field
or a local field F . Let ρ be an F -irreducible representation of G. Then the
multiplicity of each absolutely irreducible component of ρ ⊗F F̄ divides u(G).

Proof. — Let D = End ρ and let E be the centre of D. Then the multiplicity
of any absolutely irreducible component of ρ ⊗F F̄ is

√
dimE D.

Since F is a number field or a local field, it follows from class field theory that√
dimE D is equal to the order of [D] in Br E (see e.g. [Pie82] Theorem 18.6).
Now apply Lemma 4.2.

The following theorem is obtained by combining Corollaries 3.2 and 4.3.
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Theorem 4.4. — Let (G, ρ, Ψ) be a pure weak Mumford–Tate triple of weights
{0, 1} defined over a number field or a local field F . If the F -irreducible com-
ponents of ρ are pairwise non-isomorphic, then

rk G + log2 u(G) ≥ log2 dim ρ + 1.

If A is a complex abelian variety, G its Mumford–Tate group and ρ the
associated representation, then End ρ = End A⊗ZQ so the hypothesis that the
simple abelian subvarieties of A are pairwise non-isogenous implies that the
irreducible components of ρ are pairwise non-isomorphic. Hence Theorem 4.4,
together with the bounds for u(G) in section 4.4, implies Theorem 1.2 for the
Mumford–Tate group.

4.3. Multiplicities in ℓ-adic representations. — Let A be an abelian
variety over a number field whose simple abelian subvarieties are pairwise non-
isogenous. Let Gℓ be the ℓ-adic monodromy group of A and ρℓ the associated
ℓ-adic representation. We shall show that the multiplicities of irreducible com-
ponents of ρℓ⊗Qℓ

Q̄ℓ are bounded above by u(G◦
ℓ ) and hence prove Theorem 1.2.

By Faltings’ Theorem, if B and B′ are non-isogenous simple abelian varieties,
then the associated ℓ-adic representations have no common subrepresentations.
Hence it will suffice to suppose that A is simple.

By Faltings’ Theorem, End ρℓ = End A ⊗Z Qℓ. This implies that the multi-
plicities of absolutely irreducible components of ρℓ ⊗Qℓ

Q̄ℓ are independent of
ℓ. We will use results of Serre and Pink to show that u(G◦

ℓ ) is also independent
of ℓ, and then we can consider all ℓ at once to show that the multiplicities are
bounded above by u(G◦

ℓ ).

Lemma 4.5. — u(G◦
ℓ ) is independent of ℓ.

Proof. — Let ℓ, ℓ′ be any two rational primes. Via ρℓ, we view G◦
ℓ as a subgroup

of GL2g,Qℓ
.

For a finite place v of K, let Tv be the Frobenius torus of A in the sense of
Serre [Ser81]. Serre showed that we can choose v such that Tv,Qℓ

is GL2g,Qℓ
-

conjugate to a maximal torus of G◦
ℓ , and such that the analogous property

holds for ℓ′.
Hence we get maximal tori Tv,ℓ of Gℓ and Tv,ℓ′ of G′

ℓ together with an iso-
morphism Λ(Tv,ℓ) ∼= Λ(Tv) ∼= Λ(Tv,ℓ′). Furthermore, under this isomorphism,
the formal character of ρℓ corresponds to the formal character of ρℓ′ .

As observed by Larsen-Pink [LP90], the formal character of a faithful ir-
reducible representation of a reductive group determines the root lattice Λ0.
Hence Λ/Λ0(G◦

ℓ ) ∼= Λ/Λ0(G◦
ℓ′) so u(G◦

ℓ ) = u(G◦
ℓ′).

We will also need the following lemma on pure weak Mumford–Tate triples.
Let (G, ρ, Ψ) be a pure weak Mumford–Tate triple. Because it is pure, there
is a cocharacter µ0 of G such that ρ ◦ µ0(z) = z.id. Let H be the identity
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component of ker det ρ ⊂ G. Then the quasi-cocharacter space of a maximal
torus T splits as

(*) (Hom(Gm, T ∩ H) ⊗Z Q) ⊕ Q.µ0.

Lemma 4.6. — Let (G, ρ, Ψ) be a pure weak Mumford–Tate triple of weights
0 and 1, with multiplicities g0 and g1 respectively. Choose µ ∈ Ψ and let T
be a maximal torus of G containing the image of µ. Suppose that µ splits as
µH + rµ0 in the decomposition (*). Then for all characters ω in ρ|T ,

〈ω, µH〉 =
g0

g0 + g1
or

−g1

g0 + g1
.

Proof. — By the definition of µ0, 〈ω, µ0〉 = 1 for every character ω in ρ|T .
Hence

〈det ρ, µ0〉 = dim ρ = g0 + g1.

Because det ρ is trivial on H , 〈det ρ, µH〉 = 0. Therefore

〈det ρ, µ〉 = 〈det ρ, rµ0〉 = r(g0 + g1).

On the other hand,

〈det ρ, µ〉 = g0.0 + g1.1 = g1

so r = g1/(g0 + g1). Combining with 〈ω, µ〉 = 0 or 1 gives the result.

Proposition 4.7. — Let A be a simple abelian variety defined over a number
field, and Gℓ its ℓ-adic monodromy group. The multiplicity of every absolutely
irreducible component of ρℓ ⊗Qℓ

Q̄ℓ divides u(G◦
ℓ ).

Proof. — Let D = End A ⊗Z Q be the endomorphism algebra of A, and let E
be the centre of D. Let m2 = dimE D.

By Faltings’ Theorem, End ρℓ = D ⊗Q Qℓ. This is a product of simple
algebras, each of dimension m2 over its centre. So every absolutely irreducible
component of ρℓ ⊗Qℓ

Q̄ℓ has multiplicity m, and it will suffice to show that m
divides u(G◦

ℓ ).
There are two cases: E is totally real or a CM field.

Case 1. E is totally real. — In this case the Albert classification of endomor-
phism algebras of abelian varieties implies that m ≤ 2, so it will suffice to show
that 2 divides u(G◦

ℓ ).
Let Hℓ be the identity component of ker det ρℓ ⊂ Gℓ (in other words, the

ℓ-adic analogue of the Hodge group). By [Tan80] Lemma 1.4, the condition
that E is totally real implies that the Hodge group of A is semisimple and by
[SZ96] Theorem 3.2 this implies that Hℓ is semisimple. Hence Hℓ is the derived
group of G◦

ℓ .
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Let µ be a weak Hodge cocharacter of Gℓ in the sense of [Pin98] Definition 3.2
and let T be a maximal torus of Gℓ containing the image of µ. Then ρℓ ◦ µ has
weights 0 and 1 each with multiplicity dim A, so by Lemma 4.6,

〈ω, µH〉 = ± 1
2

for all characters ω in ρℓ|T , where µH is the component of µ in the quasi-
cocharacter space of T ∩ Hℓ.

Now 〈−, µ〉 takes integer values on the roots of G◦
ℓ . Since µ0 is orthogonal

to the roots, the same is true for 〈−, µH〉. Because Hℓ is semisimple, it is equal
to the derived group of G◦

ℓ , so µH is orthogonal to all characters which vanish
on T ∩ G◦der

ℓ . Hence 〈−, µH〉 takes integer values on Λ0(G◦
ℓ ).

So in order for 〈ω, µH〉 to have denominator 2, the order of ω in
Λ(Gℓ)/Λ0(G◦

ℓ ) must be even. Therefore u(G◦
ℓ ) is divisible by 2.

Case 2. E is a CM field. — For each place λ of E, let Eλ denote the completion
of E at λ. Then Dλ = D ⊗E Eλ is a matrix ring over a division algebra with
centre Eλ. Let mλ be the order of [Dλ] in Br Eλ. By the Albert–Brauer–
Hasse–Noether theorem ([Pie82] Theorem 18.5), the map [D] 7→ ([Dλ]) is an
injection

Br E →
⊕

λ

Br Eλ

so m is the lowest common multiple of the mλ. So it suffices to show that mλ

divides u(G◦
ℓ ) for every place λ.

Since E is a CM field, all its archimedean places have trivial Brauer group,
so we need only consider non-archimedean places. Let λ be a non-archimedean
place of E and ℓ′ its residue characteristic. Then

End ρℓ′ = D ⊗Q Qℓ′ = D ⊗E





∏

λ′|ℓ′

Eλ′



 =
∏

λ′|ℓ′

Dλ′ .

Hence ρℓ′ has a Qℓ′-irreducible subrepresentation with endomorphism alge-
bra Dλ.

So by Lemma 4.2, mλ divides u(G◦
ℓ′), and this is equal to u(G◦

ℓ ) by
Lemma 4.5.

Theorem 1.2 follows from Corollary 3.2, Proposition 4.7 and the bounds for
u(G) in section 4.4.

4.4. Bounds for u(G). —

Definition. — Let g(n) be the maximum value of LCM(ai) where ai are
positive integers satisfying

∑

ai = n. (This is Landau’s function.)
Let g1(n) be the maximum value of LCM(ai) where ai are integers greater

than 1 satisfying
∑

(ai − 1) = n.
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For n ≥ 2, let

α(n) =
log2 g1(n)√

n log n
.

Lemma 4.8. — For any reductive group G, u(G) ≤ g1(rk G).

Proof. — Let Φi (for i ∈ I) be the simple components of the root system of G.
The group Λ/Λ0 is a subgroup of the product of the fundamental groups of

the Φi. So u(G) divides the lowest common multiple of the exponents of these
fundamental groups.

Let ei be the exponent of the fundamental group of Φi. Then ei ≤ rk Φi + 1
for all i (by the classification of simple root systems), and so

∑

i(ei −1) ≤ rk G.
By the definition of g1,

u(G) ≤ g1

(

∑

i∈I

(ei − 1)

)

and this is less than or equal to g1(rk G) because g1 is nondecreasing.

Corollary 4.9. — α(n) → 1
log 2 as n → ∞ and α(n) < 2 for all n ≥ 2.

Proof. — We use two results on the size of g(n): Landau’s asymptotic re-
sult [Lan09]

loge g(n)√
n log n

→ 1 as n → ∞

and Massias’ bound [Mas84]

loge g(n) < 1.05314
√

n log n for all n ≥ 2.

We note that g(n) ≤ g1(n) ≤ g(n + ⌊
√

2n⌋) since any set of distinct positive
integers satisfying

∑

i(ai − 1) = n will satisfy
∑

i ai ≤ n + ⌊
√

2n⌋.
Let

f(x) =
(x +

√
2x) log(x +

√
2x)

x log x
.

Since f(x) → 1 as x → ∞, we conclude that α(n) → 1
log 2 .

Likewise by Massias’ bound

α(n) ≤ loge g(n + ⌊
√

2n⌋)

log 2
√

n log n
<

1.05314
√

f(n)

log 2
≤ 1.05314

√

f(9)

log 2
< 2

for n ≥ 9 since f(x) is decreasing for x > 1.
Manual calculation shows that α(n) < 2 for 2 ≤ n ≤ 8.
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5. Some examples

In this section, we will give three examples of families of abelian varieties
with commutative endomorphism ring for which Theorem 1.1 is sharp. Note
that any abelian variety for which the rank of the Mumford–Tate group is equal
to the bound of Theorem 1.1 necessarily satisfies the Mumford–Tate conjecture,
because the rank of the ℓ-adic monodromy groups are less than or equal to
that of the Mumford–Tate group but satisfy the same lower bound. Hence
the examples we give show that the bound is sharp for the ℓ-adic monodromy
group as well as for the Mumford–Tate group.

We also give one family of simple abelian varieties with noncommutative
endomorphism ring for which the Mumford–Tate group has rank n and the
dimension g satisfies log2 g = n + 1

2 log2 n + O(1). This shows that the bound
in Theorem 1.2 cannot be improved to n ≥ log2 g + O(1). Because we have
not calculated the exact lower bound in the noncommutative case we cannot
deduce that these varieties satisfy the Mumford–Tate conjecture purely from
the rank bound. But for the examples constructed here, we can show that they
satisfy the Mumford–Tate conjecture by using [Pin98] Proposition 4.3.

5.1. Examples with commutative endomorphism ring. —

Example 1: Complex multiplication.— Let F be a totally real field such that
[F : Q] = n − 1. By [Shi70] Theorem 1.10, there is an imaginary quadratic
extension K of F such that for every CM type (K, Φ), the reflex type (K ′, Φ′)
satisfies [K ′ : Q] = 2n−1. Such a CM type is primitive.

Let A be a complex abelian variety corresponding to the CM type (K ′, Φ′).
Then the Mumford–Tate group M is a torus, isomorphic to the image of the
homomorphism ResK/Q Gm → ResK′/Q Gm induced by the reflex norm K× →
K ′×.

This image has rank at most [K : Q] + 1 = n + 1. But dim A = 2n−1 so by
Theorem 1.1, rk M ≥ n + 1. So in fact rk M = n + 1 = log2 dim A + 2.

The endomorphism ring of A is the field K ′.

Example 2: Spin group.— This example generalises the Kuga-Satake construc-
tion of an abelian variety attached to a polarised K3 surface [KS67].

Let n be a positive integer congruent to 1 or 2 mod 4. Let W be a Q-vector
space of dimension 2n + 1, and let Q be the quadratic form

Q(x) = x2
1 + x2

2 − x2
3 − · · · − x2

2n+1

of signature (2, 2n − 1). The even Clifford algebra C+(W, Q) is isomorphic to
M2n(Q), and so it has a unique faithful irreducible Q-representation of dimen-
sion 2n, called the spin representation.

Let M be the Clifford group

GSpin(W, Q) = {x ∈ C+(W, Q) | xWx−1 ⊆ W }.
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This is a reductive group of rank n + 1, with root system Bn and centre Gm.
Let ρ : M → GL(V ) be the spin representation of M . This is an absolutely
irreducible representation of dimension 2n.

Let {e1, e2} be an orthonormal basis for the positive definite subspace of W .
The homomorphism ϕ : C× → M(R) given by

ϕ(a + ib) = a + be1e2

defines a Hodge structure on V of type {(0, −1), (−1, 0)}. The conditions on
n mod 4 and on the signature of W ensure that this Hodge structure is polar-
isable.

Because Mder is almost simple, replacing ϕ by a generic M(R)-conjugate
gives a Hodge structure whose Mumford–Tate group is M . Let A be a complex
abelian variety corresponding to such a Hodge structure. It has dimension 2n−1

and endomorphism algebra Q, and its Mumford–Tate group has rank n + 1.

Example 3: Product of copies of SL2.— This example generalises the exam-
ple of Mumford [Mum69] of a family of abelian varieties of dimension 4 with
Mumford–Tate group M such that MC is isogenous to Gm × (SL2)3.

Let n be an odd positive integer, and F a totally real number field of degree
n. Let D be a quaternion algebra over F such that:

(i) CorF/Q D is split over Q, i.e. is isomorphic to M2n(Q).
(ii) D is split at exactly one real place of F .

Let M be the Q-algebraic group M(A) = {x ∈ (D ⊗ A)×|xx̄ ∈ A×} (where
x̄ is the standard involution of D). By condition (ii), MR is isomorphic to

(

Gm,R × SL2,R × SUn−1
2

)

/ {(ε0, ε1, . . . , εn) | εi ∈ {±1}, ε0ε1 · · · εn = 1} .

By condition (i), M has a faithful irreducible Q-representation ρ of dimen-
sion 2n. Then ρ ⊗Q C is isomorphic to the tensor product of the standard
1-dimensional representation of Gm,C with the standard 2-dimensional repre-
sentation of each factor SL2,C.

Let ϕ : C× → M(R) be the homomorphism

ϕ(a + ib) =
(

a b
−b a

)

in GL2
∼= (Gm × SL2) /{±1}

and trivial in the SU2 factors.

Then ρ◦φ defines a Hodge structure of type {(0, −1), (−1, 0)}. By condition (ii),
this Hodge structure is polarisable.

Again Mder is almost Q-simple, so replacing ϕ by a generic element of its
M(R)-conjugacy class gives a Hodge structure with Mumford–Tate group equal
to M . An abelian variety corresponding to such a Hodge structure will have
dimension 2n−1, endomorphism algebra Q and Mumford–Tate group of rank
n + 1.
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5.2. An example with large multiplicity. — Let n be an odd integer
and r = (n − 1)/2. We will construct a simple abelian variety of dimension
g(n) = n

(

n
r

)

whose Mumford–Tate group is a Q-form of GLn. The Mumford–
Tate representation is isomorphic over C to the sum of 2n copies of the r-th
exterior power of the standard representation. By Stirling’s formula log2 g(n) =
n + 1

2 log2 n + O(1).
Let K be an imaginary quadratic field, and D a central division algebra over

K of dimension n2 with an involution ∗ of the second kind. The Q-algebraic
groups

H(A) = {d ∈ (D ⊗Q A)× | dd∗ = 1},

G(A) = {d ∈ (D ⊗Q A)× | dd∗ ∈ A×}
are Q-forms of SLn and GLn. By choosing ∗ appropriately, we may suppose
that HR is the unitary group of a Hermitian form of signature (1, n − 1).

We can view D as a K-irreducible representation of HK . Over C, DC is
isomorphic to the sum of n copies of the standard representation of SLn, so its
highest weight is ̟1. The endomorphism ring of this representation is Dop, so

αH,K(̟1) = [D]

for Tits’ homomorphism αH,K : ΛΓ → Br K.

Let r = (n−1)/2 and let D̃ be the central division algebra over K such that
[D̃] = [D]r in Br K. Now [D] has order n in Br K. Since r and n are coprime,
[D̃] also has order n and D̃ ⊗K C ∼= Mn(C).

Let ρ̃ be the K-irreducible representation of HK with highest weight ̟r.
We know that ̟r ≡ r̟1 modulo the roots of HK , so αH,K(̟r) = [D]r =

[D̃]. Hence ρ̃ has endomorphism ring D̃op, so ρ̃C is the sum of n copies of an
irreducible representation of SLn. This irreducible representation is the r-th
exterior power of the standard representation, so dimK ρ̃ = n

(

n
r

)

.
If λI is a scalar matrix in H(C), then ρ̃C(λI) is multiplication by λr. So we

can extend ρ̃ to a representation of GK by letting each scalar matrix λI act as
multiplication by λr.

Let ρ = ResK/Q ρ̃. This is a Q-irreducible representation of G of dimension

2n
(

n
r

)

. We have ker ρ = µr so ρ factorises through M = G/µr, and the resulting
representation of M is faithful.

In order to specify the Hodge structure, we will first define ϕ′ : C× →
G(R) as follows: recall that HR is the unitary group of a Hermitian form Ψ of
signature (1, n − 1). Then let φ′(z) act as zr/z̄r−1 on the 1-dimensional space
where h is positive definite and as z̄ on the (n − 1)-dimensional space where h
is negative definite.

Then ρ ◦ ϕ′ has weights zr and z̄r. Because ρ is faithful as a represen-
tation of M , it follows that there is a homomorphism ϕ : C× → M(R)
whose r-th power is ϕ′. Then (M, ρ, ϕ) defines a Q-Hodge structure of type
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{(−1, 0), (0, −1)}. The Hermitian form Ψ induces a polarisation of this Hodge
structure.

Once again, Mder is almost simple, so replacing ϕ by a generic M(R)-
conjugate gives a Hodge structure with Mumford–Tate group M . A corre-
sponding abelian variety will have endomorphism algebra D̃op and dimension
g = n

(

n
r

)

.
We shall confirm that this variety satisfies the Mumford–Tate conjecture.

Let σ be an absolutely irreducible component of ρ ⊗Q Q̄ℓ. Then (G ×Q Q̄ℓ, σ),
with a suitable set of cocharacters, form a weak Mumford–Tate triple of weights
{0, 1}. By Faltings’ theorem, the restriction of σ to Gℓ,Q̄ℓ

must remain irre-
ducible, where Gℓ is the ℓ-adic monodromy group. It also is part of a weak
Mumford–Tate triple of weights {0, 1}. But our (G ×Q Q̄ℓ, σ) is in the fourth
column of [Pin98] Table 4.2: type A with σ not the standard representation.
Hence according to Pink’s Proposition 4.3, Gℓ = G ×Q Qℓ.
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